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§1. Introduction 


As a model of spacetimes in physics, various geometries such as those of Euclid, 
Riemannian and Finsler geometries are established by mathematicians. Today, more 
and more evidences have shown that our spacetime is not homogenous. Thereby 
models established on classical geometries are only unilateral. Then are there some 
kinds of overall geometries for spacetimes in physics? The answer is YES. Those 
are just Smarandache geometries established in last century but attract more one’s 


attention now. According to the summary in [4], they are formally defined following. 


Definition 1.1([4],{17]) A Smarandache geometry is a geometry which has at least 


one Smarandachely denied ariom(1969), i.e., an axiom behaves in at least two dif- 


ferent ways within the same space, 1.e., validated and invalided, or only invalided 
but in multiple distinct ways. 
A Smarandache n-manifold is a n-manifold that support a Smarandache geom- 


etry. 


For verifying the existence of Smarandache geometries, Kuciuk and Antholy 
gave a popular and easily understanding example on an Euclid plane in [4]. In 
[3], Iseri firstly presented a systematic construction for Smarandache geometries 
by equilateral triangular disks on Euclid planes, which are really Smarandache 2- 
dimensional geometries (see also [5]). In references |6], [7] and [13], particularly in [7], 
a general constructing way for Smarandache 2-dimensional geometries on maps on 
surfaces, called map geometries was introduced, which generalized the construction 
of Iseri. For the case of dimensional number> 3, these pseudo-manifold geometries 
are proposed, which are approved to be Smarandache geometries and containing 
these Finsler and Kahler geometries as sub-geometries in [12]. 

In fact, by the Definition 1.1 a general but more natural way for constructing 
Smarandache geometries should be seeking for them on a union set of spaces with an 
axiom validated in one space but invalided in another, or invalided in a space in one 
way and another space in a different way. These unions are so called Smarandache 
multi-spaces. This is the motivation for this paper. Notice that in [8], these multi- 
metric spaces have been introduced, which enables us to constructing Smarandache 
geometries on multi-metric spaces, particularly, on multi-metric spaces with a same 


metric. 


Definition 1.2 A multi-metric space A is a union of spaces A,, Ao,--+,Am for an 


integer k > 2 such that each A; is a space with metric p; for Vi, 1 <<i<m. 


Now for any integer n, these n-manifolds WM” are the main objects in modern 
geometry and mechanics, which are locally euclidean spaces R” satisfying the 7) 
separation axiom in fact, i.e., for Vp,q € M”, there are local charts (U,,y,) and 
(U,, Gq) such that U,()U, = @ and y, : U, > B”, yp, : U, — B”, where 


is an open ball. 


These manifolds are locally euclidean spaces. In fact, they are also homogenous 
spaces. But the world is not homogenous. Whence, a more important thing is 
considering these combinations of different dimensions, i.e., combinatorial manifolds 
defined following and finding their good behaviors for mathematical sciences besides 
just to research these manifolds. Two examples for these combinations of manifolds 
with different dimensions in R? are shown in Fig.1.1, in where, (a) represents a 
combination of a 3-manifold, a torus and 1-manifold, and (b) a torus with 4 bouquets 


of 1-manifolds. 


(a) 


(bh) 
Fig.1.1 
For an integer s > 1, let n1,n2,---,n, be an integer sequence with 0 < n, < 
nz < +++ < ms. Choose s open unit balls By’, BZ?,---,B?°, where () B;’ 4 @ in 
i=1 


R™*2t'"s Then a unit open combinatorial ball of degree s is a union 


s 
Bini, n2,--+,Ns) = Gisw 
i=1 


Definition 1.3 For a given integer sequence n1,22,°-+,N%m,m > 1 withO <n, < 
nz < +++ < 1s, a combinatorial manifold M isa Hausdorff space such that for 
any point p € M, there is a local chart (Up, Pp) of p, t.e., an open neighborhood 
U,, of p in M and a homoeomorphism Oy Uy B(ni(p), no(p), + -,Ns(p)(p)) with 


{n1(p), No(p), uty Ns(p)(P) } c {n1, N2,° 7"; Mm} and U {m(p), n2(p), a) Ns(p) (P) t = 
pEeM 
{n1,M2,°++,;%m}, denoted by M(nj,n2,-++,%m) or M on the context and 


A = {(Up, Pp) |P S M(n, 2,77, Tm) ) } 
an atlas on M(n, N2,°°*;Mm). The maximum value of s(p) and the dimension s(p) 


s(p) a 
of (\ B;" are called the dimension and the intersectional dimensional of M(n1, na, 
i=1 


-++,Nm) at the point p, respectively. 


A combinatorial manifold M is called finite if it is just combined by finite man- 
ifolds. 
Notice that () B;* 4 @ by the definition of unit combinatorial balls of degree 
i=1 


s. Thereby, for Vp € M(mz, na, -++,ms), either it has a neighborhood U, with yp : 
Up, > RR’, ¢ © {ni,2,--+,n5} or a combinatorial ball B(n,72,---,71) with yp : 
Uy, Bn, 72, +++, 7), < sand {1%,7,---, 77} C {m1, n2,---,n5} hold. 

The main purpose of this paper is to characterize these finitely combinatorial 
manifolds, such as those of topological behaviors and differential structures on them 
by a combinatorial method. For these objectives, topological and differential struc- 
tures such as those of d-pathwise connected, homotopy classes, fundamental d-groups 
in topology and tangent vector fields, tensor fields, connections, Minkowski norms in 
differential geometry on these combinatorial manifolds are introduced. Some results 
in classical differential geometry are generalized to finitely combinatorial manifolds. 
As an important invariant, Euler-Poincare characteristic is discussed and geomet- 
rical inclusions in Smarandache geometries for various existent geometries are also 
presented by the geometrical theory on finitely combinatorial manifolds in this pa- 
per. 

For terminologies and notations not mentioned in this section, we follow [1] — [2] 


for differential geometry, [5], [7] for graphs and [14], [18] for topology. 


§2. Topological structures on combinatorial manifolds 


By a topological view, we introduce topological structures and characterize these 


finitely combinatorial manifolds in this section. 


2.1. Pathwise connectedness 


On the first, we define d-dimensional pathwise connectedness in a finitely combina- 
torial manifold for an integer d,d > 1, which is a natural generalization of pathwise 


connectedness in a topological space. 


Definition 2.1 For two points p,q in a finitely combinatorial manifold M(m, no, 
-++,Mm), if there is a sequence By, Bo,---,B; of d-dimensional open balls with two 


conditions following hold. 


(1) B.c M(ni, no, -++\Nm) for any integer i,1<i<s andpe B,, qe B,; 
(2) The dimensional number dim(B;() Biz1) > d for Vi,1<i<s—-1. 


Then points p,q are called d-dimensional connected in M(mn, N2,°°*,Nm) and the se- 
quence By, By,+-+, Be ad-dimensional path connecting p and q, denoted by P“(p, q). 

If each pair p, q of points in the finitely combinatorial manifold M(n, N2,°++,Nm) 
is d-dimensional connected, then M(n, no, -++,Nm) ts called d-pathwise connected 


and say its connectivity= d. 


Not loss of generality, we consider only finitely combinatorial manifolds with 
a connectivity> 1 in this paper. Let M (n1,2,°++,%m) be a finitely combinatorial 
manifold and d,d > 1 an integer. We construct a labelled graph G4 [Mi (N41, N2,°++,;Mm)| 
by 


V(G4M (m1, no, i 5m) |) = Yi Jv, 
where Vi = {n; — manifolds M™ in M(n1, m2,-++;M%m)|1 <i < m} and Vy = 
{isolated intersection points Ojyn; yi of M™,M"™ in M(n1, n2,---, Mm) for 1. 


i,j <m}. Label n; for each n;-manifold in V; and 0 for each vertex in Vj and 


E(G*[M(n1,n2,*++,%m)}) = LiL) Be, 
where Fy = {(M™%,M")|dim(M™(]M™%) > d,l < i737 < m} and Ey = 
{(Omm ars, M™), (Ours, M™)|M™ tangent M™ at the point Oyj wy for 1 < 
Lf SM}: 
(a) (b) 


@) (1) 
QO O—® 
(c) ye . “Yh 


Fig.2.1 


For example, these correspondent labelled graphs gotten from finitely combina- 
torial manifolds in Fig.1.1 are shown in Fig.2.1, in where d = 1 for (a) and (b), d = 2 


for (c) and (d). By this construction, properties following can be easily gotten. 


Theorem 2.1 Let G4M (nm, no, -++,Mm)| be a labelled graph of a finitely combina- 
torial manifold M(n, N2,°*',;%m). Then 

(1) GYM (n1, N2,°**,M%m)|] is connected only if d < ny. 

(2) there exists an integer d,d < n, such that G4[M(n1, na, +++, Mm) is CON- 


nected. 


Proof By definition, there is an edge (M™, M™) in G4{M (ny, n2,-++,Mm)] for 
1 < i,j < m if and only if there is a d-dimensional path P4(p,q) connecting two 
points p€ M™ and q€ M™. Notice that 


(P%(p,q) \ M™) C M™ and (P“(p,q) \ M™) C M™. 


Whence, 


d < min{nj;,n;}. (2.1) 


Now if GM (n, N2,*+*,Mm)| is connected, then there is a d-path P(M™, M™) 
connecting vertices M™ and M"™ for VM™, M's € V(G4[{M(n, no, -++,;Mm)]). Not 


loss of generality, assume 


P(M™, M"!) = M™ MM...» M1, 


Then we get that 


d < min{nj, $1, $2,---, $41, nj} (2.2) 


by (2.1). However, according to Definition 1.4 we know that 


U {n(p), no(p), aes Ns(p) (Pp) = {n1, Ne,°*° lgats (2.3) 


peM 


Therefore, we get that 


d < min( U {ni(p), no(p), ++, Ms~p)(p) }) = min{n1, n2,--°, Mm} =m 
peM 
by combining (2.3) with (2.3). Notice that points labelled with 0 and 1 are always 
connected by a path. We get the conclusion (1). 

For the conclusion (2), notice that any finitely combinatorial manifold is al- 
ways pathwise 1-connected by definition. Accordingly, GIM (M1, 2,°++,M%m)] is con- 
nected. Thereby, there at least one integer, for instance d = 1 enabling G@ [Mi (N41, N2, 

-,Mm)| to be connected. This completes the proof. 


According to Theorem 2.1, we get immediately two corollaries following. 


Corollary 2.1 For a given finitely combinatorial manifold M, all connected graphs 


G4[M] are isomorphic if d < ny, denoted by G[M]. 
Corollary 2.2 If there are k 1-manifolds intersect at one point p in a finitely 


combinatorial manifold M, then there is an induced subgraph K** in G[M)]. 


Now we define an edge set E4(M) in G[M] by 


E%(M) = E(G*[M]) \ E(G*[M)). 


Then we get a graphical recursion equation for graphs of a finitely combinatorial 


manifold M as a by-product. 


Theorem 2.2 Let M be a finitely combinatorial manifold. Then for any integer 


d,d > 1, there is a recursion equation 


GM] = GM] — E“(M) 
for graphs of M. 


Proof It can be obtained immediately by definition. 4 

For a given integer sequence 1 < ny < ng < --: < Ny,m > 1, denote by 
H4(n1, N2,*+*, Mm) all these finitely combinatorial manifolds M(n, N2,°°*,;Nm) with 
connectivity> d, where d < n, and G(nj,72,---,Mm) all these connected graphs 


Gini, 2,+++,%m] with vertex labels 0,71, 12,+-+-,Mm and conditions following hold. 


(1) The induced subgraph by vertices labelled with 1 in G is a union of complete 
graphs; 
(2) All vertices labelled with 0 can only be adjacent to vertices labelled with 


Then we know a relation between sets H4(n1, n2,-++,Nm) and G(n1, N2,*++,Mm)- 


Theorem 2.3 Let 1 <n, < ng <-+-++ <n p,m-> 1 be a given integer sequence. Then 


every finitely combinatorial manifold Me H4(n1,2,-*+,%m) defines a labelled con- 
nected graph Gn, n2,-++,%m) € G(N1, N2,°++,%m). Conversely, every labelled con- 
nected graph G[ny,n2,-++,%m)] © Gln, N2,°++,Mm) defines a finitely combinatorial 
manifold Me H4(n1, 2, ++*,Mm) for any integer 1<d< nj. 


Proof For VM € H4(n1, n2,+*+,m), there is a labelled graph G[n1, no, --+,m] € 
G(n1,M2,°*+,Nm) correspondent to M is already verified by Theorem 2.1. For 
completing the proof, we only need to construct a finitely combinatorial manifold 
Me H4(n1,n2,+++;Mm) for VG[ni,n2,--+,;Nm] € G(ni,n2,+++,;%m). Denoted by 
I(u) = s if the label of a vertex u € V(G[ni, n2,-++,Mm]) is s. The construction is 


carried out by the following programming. 


STEP 1. Choose |G[n1, n2,--+,%m]| —|Vo| manifolds correspondent to each vertex u 
with a dimensional n; if I(w) = n;, where Vo = {ulu € V(G[ni, n2,--+, Mm) and (wu) = 
0}. Denoted by Vs; all these vertices in G[ni,2,--++,%m] with label> 1. 


STEP 2. For Vu; € Vs; with I(u,) = nj, if its neighborhood set Nen,jno,---:nm] (U1) 1) 
Vor = ful, v2, v2} with [ol) = nu, Uv?) = nia, +, ai) = Mis(u), then 
let the manifold correspondent to the vertex u, with an intersection dimension> d 


(u1) 


with manifolds correspondent to vertices vt,v7,---,vu,\""’ and define a vertex set 


Ay = {uy}. 
STEP 3. If the vertex set A; = {w1, u2,---, uz} C Vs has been defined and V5, \ 
A, # @, let wi41 € Voi \ Ar with a label n;,,,. Assume 


(Nein sengil tiga) () Vs1) \ Ai = ee nee oe oe 


with I(vyj.,) = mais, Uo.) = mia, Sela) = M41,s(u4,)- Then let the 


manifold correspondent to the vertex uj,, with an intersection dimension> d with 


. . S(U, 
manifolds correspondent to these vertices vj,),Uj.4,°°*; ye) and define a vertex 


set Ait = A) {a4}. 


STEP 4. Repeat steps 2 and 3 until a vertex set A, = Vs; has been constructed. 
This construction is ended if there are no vertices w € V(G) with I(w) = 0, ie., 
Vs, = V(G). Otherwise, go to the next step. 


STEP 5. For Vw € V(G[ni, n2,-++, Mm) \ Vor, assume Negri no,-ynm](w) = {W1, We, 
+++, We}. Let all these manifolds correspondent to vertices w 1, W2,---, We intersects 


at one point simultaneously and define a vertex set A7,, = A, U{w}. 


STEP 6. Repeat STEP 5 for vertices in V(G[ni, n2,++-,Mm])\Vs1. This construction 


is finally ended until a vertex set Aj, , = V(G[n1, n2,--+,m]) has been constructed. 


As soon as the vertex set Aj, has been constructed, we get a finitely combi- 
natorial manifold M. It can be easily verified that Me H4(n1,n2,°*+,Mm) by our 


construction way. 4 


2.2 Combinatorial equivalence 


For a finitely combinatorial manifold M in H4(n1,N2,°+*,Mm), denoted by G [M (n1, 
N2,°°*,Mm)}| and G[M] the correspondent labelled graph in G(n1,n2,---,Nm) and 
the graph deleted labels on G[M(ni, no, -++,Mm)], C(mi) all these vertices with a 


label n; for 1 <i < m, respectively. 


Definition 2.2 Two finitely combinatorial manifolds M,(n, N2,°°*;Nm); Mo(kr, ko, 


--+,k,) are called equivalent if these correspondent labelled graphs 


G[My (m1, no, ane #4 tm) = G[Mo(kr, ko, +, kj)]. 


Notice that if M, (na, N2,°°+,;Nm); M,(k1, ko,-+++,k)) are equivalent, then we can 
get that {11, n2,-++,%m} = {ki, ke,- ++, ky} and G[M]] = G[M]. Reversing this idea 
enables us classifying finitely combinatorial manifolds in H4(n,,n2,---,m) by the 


action of automorphism groups of these correspondent graphs without labels. 


Definition 2.3 A labelled connected graph G[M(n1,1n2,°-+;M%m)] is combinatorial 
unique if all these correspondent finitely combinatorial manifolds M(m, N2,°**,;Mm) 


are equivalent. 


A labelled graph G[n1, n2,-++,%m| is called class-transitive if the automorphism 
group AutG is transitive on {C(n;),1 < i < m}. We find a characteristic for 


combinatorially unique graphs. 


Theorem 2.4 A labelled connected graph G[ny, n2,+++,m| is combinatorially unique 


if and only if it 1s class-transitive. 


Proof For two integers 7, 7,1 < 1,7 < m, re-label vertices in C(n;) by n; and 
vertices in C(n;) by n; in G[ny,n2,--+,%m]. Then we get a new labelled graph 
G"[n1, N2,°++,;M%m] in Gli, N2,--+,m]. According to Theorem 2.3, we can get two 
finitely combinatorial manifolds My (ni, N2,°**+,;Mm) and M,(k1, ky,-+-+, k,) correspon- 
dent to G[n1, N2,°++,%m] and G’[n4, N2,-++, Mm). 

Now if G[n1, n2,+++, Mm] is combinatorially unique, we know M,(n, N2,°**;Mm) 
is equivalent to M,(k1, ko,-+-+, kj), i.e., there is an automorphism 0 € AutG such that 
O'(n,) =Cl(n,;) for ¥i,9, 1S 4,9 Sam. 

On the other hand, if G[n1,n2,--+-,Nm] is class-transitive, then for integers 
i,j,1 <1,j < m, there is an automorphism 7 € AutG such that C7(n;) = C(nj). 
Whence, for any re-labelled graph G"[n1, n2,+-+-,m], we find that 


NY 


Gini, na, sae er = G"[n41, ne, el ie 


which implies that these finitely combinatorial manifolds correspondent to G[nj4, na, 
++,m] and G"[n1, N2,+++,%m] are combinatorially equivalent, i.e., G[ni, n2, +++, %m| 
is combinatorially unique. h 


Now assume that for parameters tj1, ti2,:--,tis,, we have known an enufunction 


= tir ~.ti2 tj 
Cur |i, Via, ++] = y ma (tar, tia, +>, bie) Rey Vid DiS 
ti tia, tis 
for n;-manifolds, where n;(ti1, ti2,---,tis) denotes the number of non-homeomorphic 


n;-manifolds with parameters ¢;1, tj2,---, tis. For instance the enufunction for com- 


pact 2-manifolds with parameter genera is 


Coqla](2) = 1+ 5° 20”. 


pal 
Consider the action of AutG[n1, n2,-++,m] on G[ni,n2,-++,m]. If the number of 


orbits of the automorphism group AutG[ni,2,-+-,Nm| action on {C(n;),l <i < 


10 


m} is m, then we can only get 7! non-equivalent combinatorial manifolds corre- 
spondent to the labelled graph G[n1, n2,-++,m| similar to Theorem 2.4. Calcula- 
tion shows that there are /! orbits action by its automorphism group for a complete 
(51 + 59 + ---+ s;)-partite graph K(kj', k3’,---,k;"), where k;' denotes that there 
are s; partite sets of order k; in this graph for any integer 2,1 <2 < l, particularly, 
for K(ny,n2,°++,%m) with n; An; for 7, 7,1 <7i,7 <m, the number of orbits action 
by its automorphism group is m!. Summarizing all these discussions, we get an enu- 
function for these finitely combinatorial manifolds M (n1,2,°++,Mm) correspondent 


to a labelled graph G[n1, n2,--+, Mm] in G(n1, N2,-++,M%m) with each label> 1. 


Theorem 2.5 Let G[ni,n2,--+,m] be a labelled graph in G(n1, n2,+++,m) with each 
label> 1. For an integer i,1<i<™m, let the enufunction of non-homeomorphic n;- 
manifolds with given parameters ty,t2,--+, be Cyn: (Xi, Li2,---] and m the number 
of orbits of the automorphism group AutG|n1,2,--++,Nm] action on {C(n;), 1 <i< 
m}, then the enufunction of combinatorial manifolds M(m, N2,°°+,Nm) Ccorrespon- 


dent to a labelled graph G[n1, n2,-++,%m| is 


CylZ) = 70! I] Cur |2a1, Zia, ++, 


i=1 
particularly, if G[ni, n2,-++,m| = K (ky, k3?, +++, ke) such that the number of par- 
tite sets labelled with n; is s; for any integer 1,1 <171< m, then the enufunction 


correspondent to K(k}, k5?,---, km) is 


Coa) = m! I] Cyn [zit, Li25°° | 
i=1 


and the enufunction correspondent to a complete graph Kym is 


Cy(@) = I] Crm [i1, Liz, ++’. 


i=1 


Proof Notice that the number of non-equivalent finitely combinatorial manifolds 


correspondent to G[nj1, n2,--+,Mm|] is 


m 
To I] ni(tin, ti2,- ++, tis) 
iA 


1 


for parameters tj1, tj2,--+,tis, 1 << 1% < m by the product principle of enumeration. 
Whence, the enufunction of combinatorial manifolds M (n1,2,°**,Mm) correspon- 


dent to a labelled graph G[n1, n2,-++,%m] is 


m m 
Cy(@) = ss (m0 I] ni (ti, tio, +, tis)) I] CO ae 
ti1 tia, stis i=1 i=l 
m 
= To! I] Cyri[Li1, Zi2,+° |. O 
i=1 


2.3 Homotopy classes 


Denote by f ~ g two homotopic mappings f and g. Following the same pattern of 


homotopic spaces, we define homotopically combinatorial manifolds in the next. 


Definition 2.4 Two finitely combinatorial manifolds M (ki, ky,+++, ki) and M(n, No, 
-++,Nm) are said to be homotopic if there exist continuous maps 

sik M (ky, ko,+ ++, ki) = M(m,12,-++, Mm); 

Gz M(n1, no, ---,%m) = M(k1, ko,---, ki) 
such that gf ~identity: M(ka, ka,+++,ki) M(ki, k,--+,k,) and fg ~identity: 


M(ny, ne,-++,%m) — M(n, no,---,m). 


For equivalent homotopically combinatorial manifolds, we know the following 
result under these correspondent manifolds being homotopic. For this objective, we 


need an important lemma in algebraic topology. 


Lemma 2.1(Gluing Lemma, [16]) Assume that a space X is a finite union of closed 
subsets: X = LJ X;. If for some space Y, there are continuous maps f; : X; > Y 
i=1 
that agree on overlaps, i.e., f; 


xinx;, = Silxiqx, for all i,j, then there exists a 


unique continuous f: X — Y with f\lx, = fi for allt. 


Theorem 2.6 Let M(m, no, “++, Nm) and M(ky, ko,-++,k,) be finitely combinato- 
rial manifolds with an equivalence @ : G[M (mn, N2,°°*;%m)| > G[M (ki, kg,+ ++, ky)]. 


Tf for VMi, Mz € V(G[M(ni, n2,-++,;%m)]), Mi is homotopic to w(M;) with ho- 
motopic mappings fu, : Mi ~ o(M;), gu, : @(Mi) — M; such that fr, 


Mi(.\M; — 


MQM, = 9M;|Miq\M, providing (M;,.M;) € E(G[M(ny, n2,-+-,%m)]) 


fu,|uin My gM; 


12 


JOTI, an; THEN. M(ni, no, -++,Mm) is homotopic to M(ky, ka,+++, ky). 


Proof By the Gluing Lemma, there are continuous mappings 
ie M (nite; ++ 7, — M (ky, ko,+ ++, ky) 
and 
g: M(k1, ko,--+, ky) = M(n1,n2,+++, Mm) 
such that 
_ f\ar = fir and glam) = Ga(M) 
for VM € V(G|M(nj, n2,--+,%m)|). Thereby, we also get that 
gf ~ identity : M(k1, ko,---, kt) > M (kr, ko, ---, ki) 
and 
fg identity : M(m, no, +++) Nm) M(n, no, +++, Nm) 
as a result of gufu ~ identity: M— M, fugu ~ identity: o7(M) > w(M). 1 
We have known that a finitely combinatorial manifold M (n1,2,°°+,Mm) is d- 
pathwise connected for some integers 1 < d < n,. This consequence enables us 


considering fundamental d-groups of finitely combinatorial manifolds. 


Definition 2.5 Let M(n1, no, +++,Mm) be a finitely combinatorial manifold. For 


an integer d,1 <<d <n, and Vz € M(n, N2,°**,Mm), a fundamental d-group at the 


point x, denoted by 74(M(n1, n2,-++,%m), x) is defined to be a group generated by 


all homotopic classes of closed d-pathes based at x. 


If d= 1 and M(m, N2,°**,Nm) is just a manifold M, we get that 


n4(M(n1, no, Pe Ne) ME ey) 


Whence, fundamental d-groups are a generalization of fundamental groups in topol- 
ogy. We obtain the following characteristics for fundamental d-groups of finitely 


combinatorial manifolds. 


Theorem 2.7 Let M(n, N2,°**,;Nm) be a d-connected finitely combinatorial mani- 
fold with1 <d<n,. Then 


(1) for Va € M(n, no, "++,Mm); 


m4(M(1n1, n2,+*+, Mn), 2) & ( B m(M)) BB x(G"), 


where G4 = GM (m1, n2,°*+,;Mm)]|, t4(M), «(G2 denote the fundamental d-groups 
of a manifold M and the graph G*, respectively and 
(2) for Vx,y € M(m,1o,---, 1%), 


a(M (mi, Na,7 0", ive L) = a*(M (ni, Na,°0° Tie); y). 

Proof For proving the conclusion (1), we only need to prove that for any 
cycle C in M(m,no,---, Mm), there are elements Cr Gy sees C ag) € n(M), 
Q1,A2,°**, Aga, € ™(G*) and integers a,b; for VM € V(G*) and 1 <i <I(M), 
1 <j <e(G*) < 6(G*) such that 


C= S- Sam 4 Yb (mod2) 


MeV(G2) i=1 
and it is unique. Let C”,CM,---, Cw) be a base of 77(M) for VM € V(G®%). Since 
C is a closed trail, there must exist integers Bob Sa <M) <7 = BCG) 
and hp for an open d-path on C such that 


(G4) 


=. Sct ¥ ost Dor 


MeV(G2) 1=1 PEA 


where hp = 0(mod2) and A denotes all of these open d-paths on C. Now let 


faM\1 <i <1(M)} = {kM |kM 40 and 1 <i < 0(M)}, 


{ils 7 SG) ={Gl Ft OLS 7 < 6(G)}. 


Then we get that 


Cs a 3 aMoM 4+ > b;a;(mod2). (2.4) 


MeV(G2) i=1 


If there is another decomposition 
G*) 


C= ye > ee a) 


MevV(G2) i=1 
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not loss of generality, assume l/(/) < I(M) and c'(M) < c(M), then we know that 


c(G?2) 
Yat" “CM +S (bj — Uiay = 0, 
MeV(G2) i=1 j=l 


where a’” = 0 if i > I'(M), bf = 0 if 7’ > c(M). Since CM,1 < i < b(M) and 
aj,1< 7 < B(G*) are bases of the fundamental group 7(M) and 7(G“) respectively, 


we must have 


g 0," 7 S10) end BS SC). 


7 


Whence, the decomposition (2.4) is unique. 


For proving the conclusion (2), notice that M(m1, no, -++,Nm) is pathwise d- 
connected. Let P4(x,y) be a d-path connecting points x and y in M(m, N2,°°*+,;Mm)- 
Define 


w(C) = P(x, y)C(P*) (x,y) 


for VC € M (n1,2,°**,;Mm). Then it can be checked immediately that 


is an isomorphism.  { 
A d-connected finitely combinatorial manifold M (n1,N2,°**,;M%m) is said to be 
simply d-connected if r4(M(n1, N2,°**,Nm), x) is trivial. As a consequence, we get 


the following result by Theorem 2.7. 


Corollary 2.3 A d-connected finitely combinatorial manifold M(m, no, -5+) Nm) ts 
simply d-connected if and only if 

(1) forVMe V(G4[{M(ni, no, -++,m)]), M is simply d-connected and 

(2) G4M (ny, no, +++,M%m)] is a@ tree. 


Proof According to the decomposition for r4(M(n1, no, +++,Mm),£) in The- 
orem 2.7, it is trivial if and only if t(M) and 7(G*) both are trivial for VM € 
V(G4[M (ni, N2,**+,Nm)]), ie M is simply d-connected and G4 isa tree. 

For equivalent homotopically combinatorial manifolds, we also get a criterion 


under a homotopically equivalent mapping in the next. 
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Theorem 2.8 If f: M (nx, no, -++,Mm) M (ky, ke, +++, ky) is a homotopic equiva- 


lence, then for any integer d,1<d<n, anda e€ M(n1, na, -++,Mm), 


m*(M(ny,N2,°++,M%m),t) = r(M (ky, he, hy) (2): 


Proof Notice that f can natural induce a homomorphism 


fr 2 7°(M (m4, N9,°°*,;%m), 2) (MM (ky, ko,--+, ki), f(a) 


defined by f, (g) = (f(g)) for Vg € 74(M(n1, n2,--+,Nm), 2) since it can be easily 
checked that f;(gh) = fr(g)f,(h) for Vg,h € n4(M(n1,M2,--+, Mm), 2). We only 
need to prove that f, is an isomorphism. 

By definition, there is also a homotopic equivalence g : M (ki, ko,-++, ki) 
M (ni, no, -++,Mm) Such that gf ~ identity : M(m, no, +++ Nm) M(ni, no, hres pase 


Thereby, gr fxr = (gf) x = (identity), : 


r4(M (ni, no, + ‘Vlg tt) = m®(M(ni, no, - . Wit) By 


where j1 is an isomorphism induced by a certain d-path from x to g f(x) in M(nj, no, 
-++,Mm). Therefore, g,f; is an isomorphism. Whence, f, is a monomorphism and 
9x iS an epimorphism. 


Similarly, apply the same argument to the homotopy 


fg ~ identity : M(ki, ko,-++, ki) > M(ki, ko, --+, ki), 


we get that fags = (fg)a = v(identity)»; : 


a*(M (ky, ko, vee ki), @) => (MM (ky, ko, as) ki), £), 


where v is an isomorphism induced by a d-path from fg(x) to x in M (ki, ka, +++, ki). 
So g, is a monomorphism and f, is an epimorphism. Combining these facts enables 
us to conclude that f, : r4(M (ni, N2,°°',;Nm),x) > r4(M (ky, ko,-++,k,), f(x)) is an 


isomorphism . [ 


Corollary 2.4 If f: M(n1, no, +++) Nm) M(k1, ko, -++,k,) is a homeomorphism, 
then for any integer d,1<d<n, and xe M(ny, no, -++\ Mm), 
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m4(M (ny, N2,°*+;%m),2) & r(M (ki, ko, + +>, ky), f(a). 


2.4 Euler-Poincare characteristic 


It is well-known that the integer 


x(M) = YO(-Diai 
i=0 
with a; the number of i-dimensional cells in a CW-complex 9% is defined to be the 
Euler-Poincare characteristic of this complex. In this subsection, we get the Euler- 
Poincare characteristic for finitely combinatorial manifolds. For this objective, define 
a clique sequence {Cl(i)};>1 in the graph G [M | by the following programming. 


STEP 1. Let Cl(G[M]) = Io. Construct 


Cl(ly) = {K”, k®,.-., K*|K® o G[M] and K! 0) K’ —$, 


or a vertex € V(G[M]) fori 47,1 < i,j < p}. 


STEP 2. LetG,= ( K' and Cl(G[M] \ G:) = l,. Construct 
K'EC(L) 


Cl(h) = {K?, K},-.-,K8|K > G[M] and K2n Kb =0 


or a vertex € V(G[M]) fori 47,1 < i,j < q}. 


STEP 3. Assume we have constructed Cl(/,_1) for an integer k > 1. Let G, = 


LU K*-1 and Cl(G[M] \ (G1 U---U Gy)) = Ik. We construct 
K'k-1€CU(1) 


Cl(lk) = {KUN Kt,--+, KiKi" > G[M] and Kin K} = 90, 


or a vertex € V(G[M]) fori Aj,1<i,7 <r}. 


STEP 4. Continue STEP 3 until we find an integer t such that there are no edges 
tae t 
in G[M] \ U Gi. 
i=l 


By this clique sequence {Cl(z)}is1, we can calculate the Eucler-Poincare char- 


acteristic of finitely combinatorial manifolds. 
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Theorem 2.9 Let M be a finitely combinatorial manifold. Then 


x(M) = S- S- aaa Mi, LU: ‘(UJ Mi.) 


KFECI(k),k>2 M;, EV (K* Poe. 
J 


Proof Denoted the numbers of all these 7-dimensional cells in a combinatorial 
manifold M or in a manifold M by a; and a;(M). If G[M] is nothing but a complete 
graph K* with V(G[M M]) = = {M,, Mo,---,M,}, k > 2, by applying the inclusion- 


exclusion principe and the definition of Euler-Poincare characteristic we get that 


x(M) = DO(-1 ai 
_ S-(-1 S- (-1)**ai(Mi, LJ---LJ Mi.) 
i=0 M,,€V(K*),1<j<s<k 
= YS ye Ve vtem, UUM) 
Mi, €V(K*),1<j<s<k i=0 


for instance, y(M) = x(M,) + x(Mg) — x(M,N Mg) if GIM] = K? and V(G[M)]) = 
{M, M2}. By the definition of clique sequence of G [M ], we finally obtain that 


x(M) = S° S- Ly Mi, LU: ‘UJ Mi,). 
KRECIUk),k>2 sevienicjerce 


If G [M | is just one of some special graphs, we can get interesting consequences 


by Theorem 2.9. 


Corollary 2.5 Let M be a finitely combinatorial manifold. If G{M] is K3-free, then 


(M)= So Y(M)- SO x(Mif)M). 


MeV (G[M)) (M1,M2)€E(G[M]) 


Particularly, if dim(M,()\ M2) is a constant for any (My, M2) € E(G[M)]), then 
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x(M)= S> x?(M) — x(Mi 7) M2)|E(G[M))). 


MeV (G[M)) 


Proof Notice that G[M] is K°-free, we get that 


x(M)\ = eS (x(n) + x(Me) — x(a () Mp)) 


(M,,M2)€E(G[M)) 


= YS Wm)tx))+ YO xn 4) 


(My,M2)€E(G[M]) (M1,M2)€E(G[M)) 
= SY ¥M)- So xl PM). 
Mev(G[M] (M1 ,Mz)€E(G[M]) 


Since the Euler-Poincare characteristic of a manifold M is 0 if dimM = 1(mod2), 


we get the following consequence. 


Corollary 2.6 Let M bea finitely combinatorial manifold with odd dimension 


number for any intersection of k manifolds with k > 2. Then 


(M)= So x(M). 


MeV(G[M)]) 


§3. Differential structures on combinatorial manifolds 


We introduce differential structures on finitely combinatorial manifolds and charac- 


terize them in this section. 
3.1 Tangent vector fields 


Definition 3.1 For a given integer sequence 1 < ny < ng < +++ < Mm, a com- 


binatorially C’ differential manifold (M(n1,n2,+-+,%m); A) is a finitely combinato- 


rial manifold M(m, no, -++5Mm), M(n1,n2,°++,%m) = U U;, endowed with a atlas 
iel 

A = {(Uai Ga)|a € I} on M(ny,12,+++, Mm) for an integer h,h > 1 with conditions 

following hold. 


(1) {U,;a € I} is an open covering of M (ni, no, -++5Mm); 
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(2) For Va,@6 € I, local charts (Ua; a) and (Ug; pg) are equivalent, i.e., 
Ua (\Ug = 9 or U.(.\Ug £0 but the overlap maps 


Yallg : ya(Ua () Us) — ya(Ug) and YBv,. : ya(Ua () Ug) + Yo(Ua) 


are C’ mappings; 

(3) A is maximal, i.e., if (U;y) is a local chart of M(m, N2,°°+,Nm) equivalent 
with one of local charts in A, then (U;p)e€ A. 

Denote by (M(n1,12,--+, Mm); A) a combinatorially differential manifold. A 
finitely combinatorial manifold M(m1, na, +++,Nm) is said to be smooth if it is en- 


dowed with a C® differential structure. 
Let A be an atlas on M(n1,12,---, Mm): Choose a local chart (U;@) in A. 
s(p) s(p) 
For Vp € (U; 9), if a» : Up — U B™®) and 3(p) = dim(() B™®)), the following 
i=l 


1=1 
8(p) X Ns(p) matrix [~(p)| 


1: oe pG)+) gel = 0 

a ttt 2GP)t1) pe ae 0 
[a(p)] as s(p) s(p) 

— aha “_— a8 (P)(S(p) +1) wee oy oie g(P)Ms(p)—1 w(P)"s(p) 


with 2S = 2° for 1 < i,j < s(p),1 < s < S(p) is called the coordinate matrix of 
p. For emphasize @ is a matrix, we often denote local charts in a combinatorially 
differential manifold by (U; |w]). Using the coordinate matrix system of a combina- 


torially differential manifold (M(n1, n2,---,m);A), we introduce the conception of 


C" mappings and functions in the next. 


Definition 3.2 Let M,(n1, N2,°°',m); Mo(kr, ky,-++,k,) be smoothly combinatorial 


manifolds and 


f : My (m1, na, oy + Naa!) - Mo(ky, ko, +++, ki) 


be a mapping, p € My (ny, no, -++,Mm). If there are local charts (Uy; [@,]) of p on 
M,(n1,M2,°++,M%m) and (Vip); lWrq]) of f(p) with f(Up) C Vpip) such that the com- 


position mapping 
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f= smlo fo [=p]* : [Wp] (Up) > [we] (Ve@)) 
is a C’ mapping, then f is called a C” mapping at the point p. If f is C” at 
any point p of M,(n1, no, -++,Mm), then f is called a C’ mapping. Particularly, if 
Mo(k1, ko,---, ky) = R, f ia called a C” function on M,(n1, No, -°*, Mm). In the 
extreme h = ov, these terminologies are called smooth mappings and functions, 


respectively. Denote by 2%; all these C™ functions at a point p € M(n, N2,°*+,m)- 


For the existence of combinatorially differential manifolds, we know the follow- 


ing result. 


Theorem 3.1 Let M(n, N2,°*+,;Mm) be a finitely combinatorial manifold and d,1< 


d < m an integer. If YM € V(G4[M(n1,n2,--+,%m)]) is C” differential and 
V(M,, M2) € E(G4M(ni, no, -++,Mm)]|) there exist atlas 


Ai = {(Vo3 Pr) |V0 € Mi} Az = {(Wy; Vy) Vy © Mo} 


such that ~elv.qw, = Yylv.qw, for Vz © Mi,y € Mg, then there is a differential 


structures 


A= {(Up; [@p])|Vp € M(m, no, “++, Mm) } 


such that (M(n1,n2,-++,Mm);A) is a combinatorially C” differential manifold. 


Proof By definition, We only need to show that we can always choose a neigh- 
borhood U, and a homoeomorphism |@,| for each p € M(n1,no,-++, Mm) satisfying 
these conditions (1) — (3) in definition 3.1. 

By assumption, each manifold VM € V(G4M(ni, no, -++,Mm)]}) is C” differen- 
tial, accordingly there is an index set Ij, such that {U,;a € Inc} is an open covering 
of M, local charts (U,; ~.) and (Ug; yg) of M are equivalent and A = {(U;)} is 


maximal. Since for Vp € M(m,No,-++, Mm); there is a local chart (U,;[@,|) of 


s(p) 
p such that [w,| : U, ~ U B™®), i.e, p is an intersection point of manifolds 
i=1 


Mn”), 1 <i < s(p). By assumption each manifold M™) is C” differential, there 
exists a local chart (Vj; ¢',) while the point p € M™®) such that yi, ~ B®). Now 


we define 


Pal 


(p) 
Ue ve 
i=l 


Then applying the Gluing Lemma again, we know that there is a homoeomorphism 
[~,] on U, such that 


[Dp] | agri) — vs 


for any integer i,< i < s(p). Thereafter, 


A= {(Up; [@p]) Vp € M(m, no, “++, Mm) } 


is a C” differential structure on M(nji,no,-++, Mm) satisfying conditions (1) — (3). 


Thereby (M(ni,n2,-++,Mm);A) is a combinatorially C” differential manifold. 4 


Definition 3.3 Let (M(n1,1n2,---,%m),A) be a smoothly combinatorial manifold 
and p € M(m, no, -++,Mm). A tangent vector v at p is a mapping v: 2, > R with 
conditions following hold. 

(1) Vg,he &,VAER, v(ht+ Ah) = v(g) + Av(h); 

(2) Vg,h © 2p, v(gh) = v(g)h(p) + g(p)v(h). 


Denoted all tangent vectors at p € M (ni, no, -++,Mm) by T,M (ny, no, +++, Nm) 
and define addition + and scalar multiplication - for Vu,v € T, 1M (n1,72,°°+,;Mm), 
A € Rand f € 2, by 


(ut uf) =ulf) +f), (uf) =A- uf). 


Then it can be shown immediately that T,M (N1,2,°++,M%m) is a vector space under 


these two operations + and - 


Theorem 3.2 For any point p € M(nj,no,-++,Mm) with a local chart (Un31@ol)y the 


dimension of T,M(na, N2,°**,Nm) 18 
= s(p) 
dimTy ME (ry, r2,-++s Pm) = 300) + Y(ri — 3) 
i=l 


with a basis matrix 
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O 


Fl s@)xno = 
Sees. ih). teed a ih a os 0 
s(p) Oxtl s(p) 0x18?) dat G@)FD) dal™1 
ChMOlie as “pM a eee be 0 
s(p) Ox?! 8(p) Ox25(P) da2G RFD) Ox2"2 
TOs, gs ln OF rs is Ses VS SO Oe 
s(p) Oxs(P)1 8 Oxs(P)S(P) = Ag 8(P)(S(P) +1) 8(P)(M5(m)—1) s(p)n, 
(p) (p) Ox (p) Ox (p) 


where x" = x" for 1 < i,j < s(p),1 < 1 < S(p), namely there is a smoothly 
functional matrix vig ]s@)xnsp) such that for any tangent vector 0 at a point p of 


M (ni, na, Pe Py 


= 0 
C= vig] s()xMe¢p) C) Lag xn) 


where |aijlext © [Dislext = > es Cig dis. 


=1j= 


Proof For Vf € 2%, let f= f -[%p]7' © Zig). We only need to prove that 
f can be spanned by elements in 


eoinssssomUU U t2gbirsiseh. G2) 


i=1 j=8(p)+1 


for a given integer h,1 < h < s(p), namely (3.1) is a basis of T,M (ma, N2,°°+,Mm)- 
In fact, for VE € [yp|(Up), since f is smooth, we know that 


Fa) Fim) = f FFla + u@e—a))at 
s(p) mi an 
= LY gle = 08) f FG + tex - mat 


in a spherical neighborhood of the point p in [yp,](U,) C R&)-s@)) 


nytnet--4 Ns(p) 


with [y,](p) = Zp, where 
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a) Ls otherwise. 


Define 


G.(z -(F rv (Zo + t(E — Zo))dt 


and gi; = 9i; - [(Yp|. Then we find that 


Gij(P) = ig(Fo) = oF 0) 
= A lel elon) = 250) 


Therefore, for Vq € Up, there are gjj,1 <i < s(p),1 <j <n; such that 


s(p) nj 


P+ >_> hy (2* — 28)ou5(0). 


ql gS 1 


Now let 0 € T,M(mi, N2,°*+,M%m). Application of the condition (2) in Definition 
3.1 shows that 
v(f(p)) =0, and v(n4, 27) = 0. 


Accordingly, we obtain that 


vf) = Uf(p) + PS by ne = x )9ij()) 


s(p) ni 7 F) Fa) 
= O20" a) Zag LS) = [disls@)xnse) © [FElsw)xnsayle(/).- 


Therefore, we get that 


= O 
= vig]s@)xnsi) © lag! 8(P)XNs(p)* (3.2) 


The formula (3.2) shows that any tangent vector U in T,M (ny, N2,°**,;Mm) can 
be spanned by elements in (3.1). 

Notice that all elements in (3.1) are also linearly independent. Otherwise, if 
there are numbers a”,1 <i < s(p),1 <j <n; such that 


O 
me ao ag 3 Se vy =a, 


i=1 j=8(p)41 
then we get that 
3(p) s(p) ni J 
iy hj 7) tj) _ 
a= (hia Ere on So a 5,4) (0) = 0 
j=l i=1 j=8(p)+1 


for 1 <i < s(p),1 <j <n,. Therefore, (3.1) is a basis of the tangent vector space 
TM (m1, N2,°°", Nn) at the point pE (M(m, no, nee ine); A). d 


By Theorem 3.2, if s(p) = 1 for any point p € (M(n1,12,---,m); A), then 
dimT,M(n1, no, -++,Mm) = n,. This can only happens while M(n1, na, +++,Nm) is 
combined by one manifold. As a consequence, we get a well-known result in classical 


differential geometry again. 


Corollary 3.1([2]) Let (M";.A) be a smooth manifold and p€ M”. Then 


dimT,M" =n 


with a basis 


Definition 3.4 ForVp € (M M(ni, N2,°**,;Mm); A), the dual space TM (n1, N2,°++,Nm) 


is called a co-tangent vector space at p. 
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Definition 3.5 For f € 2,,d€ T*M (ny, no, +++) Nm) andd € T,M (m1, no, “++ Nm); 
the action of d on f, called a differential operator d: 2, — R, is defined by 


df 


of). 


Then we immediately obtain the result following. 


Theorem 3.3 For Vp € (M(ni,n2,-++,Mm);A) with a local chart (Up; [Yp]), the 
dimension of T*M(n1, N2,°°+,Nm) 18 


s(p) 
i=l 
with a basis matrix 
[AZ] «(p) xnsip) -_ 
dat vst iss dx!5(P) dx @)+) dxim eine 0 
s(p) s(p) 
da? dx?) (P41)... p22 ae 0 
s(p) s(p) 
dP), dx8(P)8(P) 1 ,,8(p)(8(p) +1) 
s(p) s(p) 


dxsP)%s(p)—1 dxs(P)s(p) 


where x" = x! for 1 <i,j < s(p),1<1<S(p), namely for any co-tangent vector d 
at a point p of M(m, Ng 00+ 


Nm), there is a smoothly functional matrix [uj;] s(p)xs(p) 
such that, 


d = [wis] s(p) xnecp) © [dz] s(p) xre¢p: 
3.2 Tensor fields 


Definition 3.6 Let M(n1, no, 


Mm) be a smoothly combinatorial manifold and 
DE M(m,12,-++, Mm): A tensor of type (r,s) at the point p on M(ny, no, ++) Nm) 
is an (r+ s)-multilinear function T, 


T:7,M x--+x TOM x1,M x---xIpM oR, 


—— 


r Ss 
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where T,M = T,M(m, N2,°°+,;M%m) and T*M = T*M(m, na, +++) Nm). 
Denoted by T7(p, M) all tensors of type (r, s) at a point p of M(n, N2,°*+,Mm)- 


Then we know its structure by Theorems 3.2 and 3.3. 


Theorem 3.4 Let M(n1,N2,---, Mm) be a smoothly combinatorial manifold and 


pe M(m1, m2,-++, Mm). Then 


Tj (p,M) =T,M®--@T,M8TM ®---@TIM, 
a a 


where T,M = T,M(mai, N2,°°+,;Nm) and T*M = TM (ma, N2,°*+,;%m), particularly, 


dimT3(p,M) = (tp) + (rs — 3(0)))"™. 


Proof By definition and multilinear algebra, any tensor t of type (r,s) at the 


point p can be uniquely written as 


1 dp O kal ai 
t= oth. oe pO @ a lp @ da" @--- Oda 


for components ae € R according to Theorems 3.2 and 3.3, where 1 < ip, ky, < 


s(p) and 1 < jn < in, 1 <I, < kp, for 1 << h <r. As a consequence, we obtain that 


T!(p,M) =T,M @---®TM@TiM @---@TIM. 
— re 


r s 


Since dimT,M = dimT M = s(p) + >> (n; — s(p)) by Theorems 3.2 and 3.3, we 


also know that 


Definition 3.7 Let T!(M M) = ie Lp M) for a smoothly combinatorial manifold 
peEeM 


M = M(m,No,--+, Mn): A tensor filed of type (r,s) on M(n1,no,°-  pMigg)\ 18: Ge 
mapping T : M(m1,12,-+*, Mn) = T™(M) such that t(p) € T2(p, M) for Vp € 


M(ni,n2,+++,m). 
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A k-form on M(nj, n2,-++, Mm) is a tensor field w € Tr (M). Denoted all k-form 
S(p)—s(P)S@)t DIF mi 


of M(ny,n2,+++,Mm) by A*(M) and A(M) = ® AK(M), 2(M) = 
UE - 


Similar to the classical differential geometry, we can also define operations pAw 
for Vy, w € T"(M), [X,Y] for VX,Y € 2% (M) and obtain a Lie algebra under the 
commutator. For the exterior differentiations on combinatorial manifolds, we find 


results following. 


Theorem 3.5 Let M be a smoothly combinatorial manifold. Then there is a unique 
exterior differentiation d : A(M) — A(M M) such that for any integer k > 1, d(A*®) c 
A®+1(M) with conditions following hold. 

(1) d is linear, i.e., for Vy, € A(M), \ER, 


d(y + AW) = dp Aw + Ad 
and for p € A¥(M M),w €A(M M), 


d(yp Ad) = dp + (-l*p Ady. 
(2) For f EAM M), df is the differentiation of f. 
(3) & =d-d=0. 
(4) d is a local operator, i.e., ifU CVC M are open sets anda € A*(V), then 
d(aly) = (da)|y- 


s(p) 
Proof Let (U;[y]), where [y] : p — U [v](p) = [v(p)] be a local chart for 


i=1 
a point pe M atid @=-dGun)aqippydT NO AK da with 1 =v, < ny; for 
1 < uw; < s(p), 1 <i < k. We first establish the uniqueness. If k = 0, the 


Oa 
Oxy 


1 < p; < s(p), 1 <i < k shows that the differential of x” is 1-form dx"”. From (3), 
d(x”) = 0, which combining with (1) shows that d(dx#™” A --- A d®"*’*) =0. This, 
again by (1), 


local formula da = dx” applied to the coordinates 7” with 1 < v; < n,, for 


4 


7 OQ, v4) 


da = ar HKPR) doelY A dat) A... A detiY®. (3.3) 
iT. Vv 
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and d is uniquely determined on U by properties (1) — (3) and by (4) on any open 
subset of M. 

For existence, define on every local chart (U; []) the operator d by (3.3). Then 
(2) is trivially verified as is R-linearity. If 8 = Bio,q).--(q) dt A: Ada € A'(U), 
then 


dla AB) = Ada gurr)-Gigbe) Glorer)(oys,) Ate Ao A de® A da™ A ++ A dx) 
- (Pea Be or) + Q(ysr1)--(unebe) 
‘ “teal tone yd? A. Ade A da A --- A dx 
= Wun) gern 9... gee p Boorsr)(ors) E42 A ++ A da 


Oxy 
OG or61)-(o151) 


+ (1) ose) (agp ae NE A 


jag ey, dx"! 


= dadB+(-lfand 


and (1) is verified. For (3), symmetry of the second partial derivatives shows that 


84 
d(da) = Fyre) qr,  qel®’® A, dts Naseer iab 
Ort’ Ox ; 


Thus, in every local chart (U; |y]), (3.3) defines an operator d satisfying (1)-(3). It 
remains to be shown that d really defines an operator d on any open set and (4) 
holds. To do so, it suffices to show that this definition is chart independent. Let d! 
be the operator given by (3.3) on a local chart (U’; [y’]), where U (| U' 4 . Since d! 
also satisfies (1) — (3) and the local uniqueness has already been proved, da = da 
on U()U’. Whence, (4) thus follows. 


Corollary 3.2 Let M = M(n1, no, -++,Mm) be a smoothly combinatorial manifold 
and dy : A¥(M) — A**1(M) the unique exterior differentiation on M with condi- 
tions following hold for M € V(G{M(n1, na, -++,M%m)]) where, 1 <1 < min{ny, no, 
ws one 


(1) dyz is linear, i.e., for Vy,w € A(M), AER, 
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(2) For p € AT(M),v~ € A(M), 


du(p Av) =duy + (-1)'eA du. 
(3) For f € A°(M), du f is the differentiation of f. 
(A) P= dy diy =O. 
Then 


d|ur = dy. 


Proof By Theorem 2.4.5 in [1], diy exists uniquely for any smoothly manifold 
M. Now since d is a local operator on M, i.e., for any open subset U, C M, 


d(alv,) = (da)|u, and there is an index set J such that M = ( U,, we finally get 
bed 
that 


dj = du 
by the uniqueness of d and d ee 


Theorem 3.6 Let w € A!(M). Then for VX,Y € #(M), 
du(X,Y) = X(w(¥)) — Yw(X)) — w([X, Y]). 


Proof Denote by a(X,Y) the right hand side of the formula. We know that 
a: Mx M — C®(M). It can be checked immediately that a is bilinear and for 
VX,Y € &(M), fEC™(M), 


a(fX,Y) = fXW(Y)) - YW PX)) — ol fX, ¥]) 
= fXW(Y)) —Y(fo(X)) — of[X, Y] -Y(f)X) 
fa(x,Y) 


and 


a(X, fY) = -a( fY,X) = —fal¥, X) = fa(X,Y) 
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by definition. Accordingly, a is a differential 2-form. We only need to prove that 
for a local chart (U, [y]), 


aly = duly. 


In fact, assume w|y = w,,dx"”. Then 


F- a OW, o Vy 
(dw)|y = d(w|r) = Deas say ee 
PO iy. OD _ 
=p Gar — pg OE 


On the other hand, aly = $a(52c, 52 )dx*s A dx”, where 


Dah”? a7 


Therefore, dw|y =aly. 5 
3.3 Connections on tensors 


We introduce connections on tensors of smoothly combinatorial manifolds by the 


next definition. 


Definition 3.8 Let M be a smoothly combinatorial manifold. A connection on 
tensors of M is a mapping D : X(M) Se T™M => T™M with Dxt = D(X,7) such 
that for'VX,Y € 2M, 7,7 € T™(M),A ERandfe c(M), 

(1) DxipyT Dr a fDyt; and Dy +A) = Dyr+ \Dxt: 

(2) Dx(r @m) = Dxt @ 7 +0 ® Dyn; 


(3) for any contraction C' on T?(M), 


Dx(C(r)) = C(Dxr). 


We get results following for these connections on tensors of smoothly combina- 


torial manifolds. 


dl 


Theorem 3.7 Let M be a smoothly combinatorial manifold. Then there exists a 


connection D locally on M with a form 


= = See het) 0 ) ay ke 
(Dt) eT al eatah (ass iad) Oxi ee Oxhrvr @ da" ®--- @dx 


for VY € &(M) andre T"(M), where 
Or Hat) (Hava) (Hrvr) 


(Hav )(Hav2)--(rvr) SZ » _lsida) (aha) (rds) 
(1 A1)(K2A2)-(KsAs), (uv) Oxy 


+ 


ye (M1V1)-(Wa—1Va—1) (0S) (Hat1Va+1) (rr) PpbaVa 
Tamar os (KsAs) (os)(uv) 


(Hiv) (H2V2)+*(UrYr) rs 
(W1A1)--(Ko—1Ab—1) (HY) (Fo 415641)“ (KsAs) (Toso) (HY) 
b=1 


and re is a function determined by 


(os) (uv) 
sor Ours ~~ * (a¢) (uv) Ours 


on (Up; |Yp]) = (Up; z*”) of a point p € M, also called the coefficient on a connection. 


Proof We first prove that any connection D on smoothly combinatorial man- 
ifolds M is local by definition, namely for X,,X) € 2(M) and 7,7 € T?(M), if 
Xi\u = Xely and %4\y = Tely, then (Dy ae = (Dieta le: For this objective, we 
need to prove that (Dx,m)y = (Dx,72)y and (Dx,n)v = (Dx,n1)y. Since their 
proofs are similar, we check the first only. 


In fact, if 7 = 0, then 7 = 7 — T. By the definition of connection, 


Dyt = Dx(r — 7) = Dyt — Dyt = 0. 


Now let p € U. Then there is a neighborhood V, of p such that z is ane and 
V CU. Byaresult in topology, i-e., for two open sets Vp, U of R&P)—s@)8@) +m +4150) 
with compact V, and V, < U, there exists a function f € C~(RS®)-8®)8 eee 
such thatO < f <1 and fly, = 


f -(%—7) = 0. Whence, we know that 


RIP) HM+-Hrsy\ 7 = O, we find that 


0 = Dx, ((f-(m%—1))) = Xi(f)(m — 1) + f(Dxy — Dx,n). 
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As a consequence, we get that (Dx,m)y = (Dx,72)v, particularly, (Dx,71)p = 

(Dx, T2)p. For the arbitrary choice of p, we get that (Dx,11)u = (Dx,72)v finally. 
The local property of D enables us to find an induced connection DY : & (U) x 

T:(U) — T?(U) such that DY, (tlv) = (Dxr)|y for VX € X(M) and T € T™M. 


Now for V.X1,X_ € #(M), V,7 € T3(M) with Xy|y, = Xelv, and Iv, = Talv,, 
define a mapping DY : 2 (U) x T?(U) > T"(U) by 


(Dx, 7)lvy, = (Dx) Ivy 
for any point p € U. Then since D is a connection on M. , it can be checked easily 
that DY satisfies all conditions in Definition 3.8. Whence, DY is indeed a connection 
on U. 
Now we calculate the local form on a chart (Up, [Yp]) of p. Since 
D2, = cee 


it can find immediately that 


Di ade SHE in cae 


3nHv (os) (uv) 


by Definition 3.8. Therefore, we find that 


5 ros (uiv1) (ta) (pre) Disa 
(DxT) lu = XT aa) (eada)~-(eede) HY) Gomi Saas 


with 
Fa) (11) (M2V2)--(Urvr) 
(11) (H2V2)--(Urvr) o(B1A1)(K2A2) (ss) 
(K1A1)(K2A2)-(KsAs), (UY) Bah 


SS Pe v1)-"(Ha~1Ya—1)(95)(Ha+1¥a+1)-"(HrYr) pHava 
(11) (#2A2)---(KsAs) (os) (uv) 


+ 


= rs V1) (H2v2)+*-(urvr) rs 
(K1A1)-*(Kp—1Ad—1) (HY) (Go 415b41)"*(KsAs)” (7oSb) (MY) * 


This completes the proof. [ 


Theorem 3,8 Let M bea smoothly combinatorial manifold with a connection D. 


Then for VX,Y € #(M), 
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TX) HS DEY a Dea ey 
is a tensor of type (1,2) on M. 


Proof By definition, it is clear that T: 2(M) x 2(M) > 2 (M) is anti- 


symmetrical and bilinear. We only need to check it is also linear on each element in 


C™(M) for variables X or Y. In fact, for Vf € C°(M), 


T(fX,Y) 


I 
S 
Se 

x 

| 

S 
e 


= fDxY —(Y(f)X + fDyX) 
(f[X,Y] — Y(f)X) = fT (X,Y). 


and 


T(X, fY) =-T(fY,X) =-fT(Y,X) = fT(X,Y). } 


Notice that 


0 0 os fa) ~ 8 
Comm aya) > sor Ors = a Oxev 
O 
= KA KA 
ae (Tiv)(os) = Posy) Fax 


under a local chart (U,;[y,]) of a point p € M. If T(x2>,52<) = 0, we call T 


OxHY? Ox7s 


torsion-free. This enables us getting the next useful result. 


Theorem 3.9 A connection D on tensors of a smoothly combinatorial manifold M 


is torsion-free if and only if ener ce a ee 


Now we turn our attention to the case of s = r = 1. Similarly, a combinatorially 


Riemannian geometry is defined in the next definition. 


Definition 3.9 Let M be a smoothly combinatorial manifold and g € A2(M) = 


Oieeee: M). If g is symmetrical and positive, then M is called a combinatorially 
peM 


Riemannian manifold, denoted by (M, g). In this case, if there is a connection D 


on (M, g) with equality following hold 
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Z(9(X,Y)) = 9(Dz,Y) + 9(X,DzY) (3.4) 
then M is called a combinatorially Riemannian geometry, denoted by (M, 9, D). 


We get a result for connections on smoothly combinatorial manifolds similar to 


that of Riemannian geometry. 


Theorem 3.10 Let (M, g) be a combinatorially Riemannian manifold. Then there 
evists a unique connection D on (M,g) such that (M,g,D) is a combinatorially 


Riemannian geometry. 


Proof By definition, we know that 


Dzg(X,Y) = Z(g(X,Y)) — g(DzX,Y) - g(X, DzY) 


for a connection D on tensors of M and WZ € 2(M). Thereby, the equality (3.4) 
is equivalent to that of Dzg = 0 forVZ€ & (M ), namely D is torsion-free. 
Not loss of generality, assume g = (yv)(o) da" dx”* in a local chart (U,; |yp]) of 


a point p, where g(yv)(o<) = Wer 52). Then we find that 


O9 w)(os) ¢ ¢ , ‘s = 
Dg= aa - Heny(os)¥ (ihvy(0s) rs Huw) on) U (oey(na) OL” Gada @.des 


Therefore, we get that 


OG w)(os) ¢ ¢ 
a = Hen os) E Givy(os) ag uve)! (5) a) (3.5) 


if Dzg = 0 for VZ € #(M). The formula (3.5) enables us to get that 


re 1 (=A)(Gn) (2M wey (em) OG en\los) _ 29 uw)(os) 
Oxes Oxy Orn”? 


(uv)(os) ~ 5 
where gh Gn) is an element in the matrix inverse of [g(,)(0<)]. 


Now if there exists another torsion-free connection D* on (M. ,g) with 


~ O 
* _ pKa 
D9, = Cosy) Byer? 


then we must get that 
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PP oa) = 1 1 waren) (2M ueyten OG Enos) _ O9uw}(os) ) 
f 2 Ors Onl Ox 
Accordingly, D = D*. Whence, there are at most one torsion-free connection D on 
a combinatorially Riemannian manifold (Mm 1g): 
For the existence of torsion-free connection D on (M ,g), let re Cate = Tey xd) 
and define a connection D on (M,g) such that 


0 


HR — TK 
Dia, =V9 S)(MY) Bape? 


OakT 


then D is torsion-free by Theorem 3.9. This completes the proof. [ 


Corollary 3.3({2]) For a Riemannian manifold (M, gq), there exists only one torsion- 


free connection D, i.e., 


DigQasy ) = ZA. )) eax ny) =9 eX D2Y) = 0 


for VX, Y,Z€ 2(M). 
3.4 Minkowski Norms 


These Minkowski norms are the fundamental in Finsler geometry. Certainly, they 


can be also generalized on smoothly combinatorial manifolds. 


Definition 3.10 A Minkowski norm on a vector space V is a function F:V > R 
such that 

(1) F is smooth on V\{0} and F(v) > 0 for Vu EV; 

(2) F is 1-homogenous, t.e., F(Av) = AF (v) for VA > 0; 

(3) for ally € V\{O}, the symmetric bilinear form gy: V x V > R with 


3 i — 


is positive definite for u,v EV. 
Denoted by TM = U TM. . Similar to Finsler geometry, we introduce combi- 


pEM 
natorially Finsler geometries on a Minkowski norm defined on TM. 
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Definition 3.11 A combinatorially Finsler geometry is a smoothly combinatorial 
manifold M endowed with a Minkowski norm F on TM, denoted by (M; F). 


Then we get the following result. 


Theorem 3.11 There are combinatorially Finsler geometries. 


Proof Let M (n1,2,°**,;M%m) be a smoothly combinatorial manifold. We con- 
struct Minkowski norms on TM (N1,N2,°++,Mm). Let R= t+" *"™ be an eucildean 
space. Then there exists a Minkowski norm F(Z) = |z| in R™*™*"+"™ at least, in 


here |%| denotes the euclidean norm on R™*"+'"'+"™ According to Theorem 3.2, 


T,M (mz, no,-+-, Mm) is homeomorphic to RiP)—sP)8(P)+m4 ++i) Whence there 
are Minkowski norms on T,M (mai, N2,°**,%m) for p € Uy, where (U,; [~p]) is a local 
chart. 


Notice that the number of manifolds are finite in a smoothly combinatorial 
manifold M(n1,n2,-+-,M%m) and each manifold has a finite cover {(Ua;%q)|a € Tt, 


where I is a finite index set. We know that there is a finite cover 


U {(Umas mala € Ins}. 


MEV(G[M (n1,n2,---,Nm)]) 
By the decomposition theorem for unit, we know that there are smooth functions 


hua, @ € Ij such that 


S- So hata = 1 with 0 < Aaa < 1. 


MEV(G[M(n1,n2,--ynm)]) ee 
Now we choose a Minkowski norm F™ on T: pMa for Vp € Uma. Define 


5 AMoapMo if pe Uma, 
Puta = 
0, if Pp ¢ Umea 


for Vp € M. Now let 


Fe 3S YBa. 


MEV(G[M(n1,n2,--ynm)]) &! 


Then F is a Minkowski norm on TM (n1,72,°**,Mm) since it can be checked imme- 
diately that all conditions (1) — (3) in Definition 3.10 hold. 4 
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For the relation of combinatorially Finsler geometries with these Smarandache 


geometries, we obtain the next consequence. 


Theorem 3.12. A combinatorially Finsler geometry (M (ni, n2,---, Mm); F) is a 


Smarandache geometry if m > 2. 


Proof Notice that if m > 2, then M(n1, no, -++,Mm) is combined by at least 
two manifolds M™ and M™ with nj 4 nz. By definition, we know that 


M™\M™ 20 and M”\ M™ 40. 


Now the axiom there is an integer n such that there exists a neighborhood homeo- 
morphic to a open ball B” for any point in this space is Smarandachely denied, since 
for points in M™ \ M™, each has a neighborhood homeomorphic to B™, but each 
point in M@™ \ M™ has a neighborhood homeomorphic to B™. 

Theorems 3.11 and 3.12 imply inclusions in Smarandache geometries for clas- 


sical geometries in the following. 


Corollary 3.5 There are inclusions among Smarandache geometries, Finsler ge- 


ometry, Riemannian geometry and Weyl geometry: 


{Smarandache geometries} D> {combinatorially Finsler geometries} 
> {Finsler geometry} and {combinatorially Riemannian geometries} 


> {Riemannian geometry} D {Weyl geometry}. 


Proof Let m = 1. Then a combinatorially Finsler geometry (M(n1, N2,°**,;Mm); F) 
is nothing but just a Finsler geometry. Applying Theorems 3.11 and 3.12 to this 


special case, we get these inclusions as expected. { 


Corollary 3.6 There are inclusions among Smarandache geometries, combinatori- 


ally Riemannian geometries and Kahler geometry: 


{Smarandache geometries} D {combinatorially Riemannian geometries} 
> {Riemannian geometry} 


> {Kahler geometry}. 
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Proof Let m = 1 in a combinatorial manifold M (n1,2,°**,;M%m) and applies 


Theorems 3.10 and 3.12, we get inclusions 


{Smarandache geometries} D {combinatorially Riemannian geometries} 


> {Riemannian geometry}. 


For the Kahler geometry, notice that any complex manifold M?" is equal to a 
smoothly real manifold M?” with a natural base {34, at for T,M? at each point 
p€ M?. Whence, we get 


{Riemannian geometry} D {Kahler geometry}. 4 


§4. Further Discussions 


4.1 Embedding problems Whitney had shown that any smooth manifold M% can 
be embedded as a closed submanifold of R?“*! in 1936 ([1]). The same embedding 
problem for finitely combinatorial manifold in an euclidean space is also interesting. 
Since M is finite, by applying Whitney theorem, we know that there is an integer 
n(M),n(M) < +00 such that M can be embedded as a closed submanifold in 
R“). Then what is the minimum dimension of euclidean spaces embeddable a 
given finitely combinatorial manifold M? Wether can we determine it for some 
combinatorial manifolds with a given graph structure, such as those of complete 


graphs K", circuits P” or cubic graphs Q”? 


Conjecture 4.1 The minimum dimension of euclidean spaces embeddable a finitely 


combinatorial manifold M is 


2min{s(p) — s(p)s(p) + ri, + Mig +++ + Nagy } +1. 


4.2 D-dimensional holes For these closed 2-manifolds S', it is well-known that 


(s) 2 — 2p(S), if S' is orientable, 
x — 
2— q(5). if Sis non — orientable. 


with p(S) or g(S) the orientable genus or non-orientable genus of S, namely 2- 


dimensional holes adjacent to S. For general case of n-manifolds /, we know that 
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x(M) = $0 (-1)*dimA,(M), 


k=0 

where dimH;(/) is the rank of these k-dimensional homolopy groups H;(M) in 
M, namely the number of k-dimensional holes adjacent to the manifold M. By 
the definition of combinatorial manifolds, some k-dimensional holes adjacent to a 
combinatorial manifold are increased. Then what is the relation between the Fuler- 
Poincare characteristic of a combinatorial manifold M and the i-dimensional holes 
adjacent to M? Wether can we find a formula likewise the Euler-Poincare formula? 
Calculation shows that even for the case of n = 2, the situation is complex. For 
example, choose n different orientable 2-manifolds $1, S,---,5, and let them inter- 
sects one after another at n different points in R®. We get a combinatorial manifold 
M. Calculation shows that 


x(M) = (x(S1) + x(S2) +++ +.x(Sn)) = 12 


by Theorem 2.9. But it only increases one 2-holes. What is the relation of 2- 


dimensional holes adjacent to M? 


4.3 Local properties Although a finitely combinatorial manifold M is not ho- 
mogenous in general, namely the dimension of local charts of two points in M 
maybe different, we have still constructed global operators such as those of exterior 
differentiation d and connection D on Te M. A operator 9 is said to be local on a 
subset WC TM if for any local chart (U,, [Yp]) of a point p € W, 


Dlu,(W) = O(W)u,. 


Of course, nearly all existent operators with local properties on T’ M in Finsler 
or Riemannian geometries can be reconstructed in these combinatorially Finsler 
or Riemannian geometries and find the local forms similar to those in Finsler or 


Riemannian geometries. 


4.4 Global properties To find global properties on manifolds is a central task 
in classical differential geometry. The same is true for combinatorial manifolds. 
In classical geometry on manifolds, some global results, such as those of de Rham 


theorem and Atiyah-Singer index theorem,..., etc. are well-known. Remember that 
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the p'’ de Rham cohomology group on a manifold M and the index IndD of a 
Fredholm operator D : H*(M, E) — L?(M, F) are defined to be a quotient space 


P _ Ker(d: A®(M) > AP**(M)) 
H%(M) = “Fd; AP=1(M) = APM) * 
and an integer 

DM.) 


ImD ) 
respectively. The de Rham theorem and the Atiyah-Singer index theorem respec- 


IndD = dimKer(D) — dim( 


tively conclude that 


for any manifold M, a mapping y : A®(M) — Hom(II,(M),R) induces a 
natural isomorphism p* : H?(M) — H"(M;R) of cohomology groups, where I1,(M) 
is the free Abelian group generated by the set of all p-simplexes in M 


and 


IndD = Indr(o(D)), 


where o(D)) : T*M — Hom(E,F) and Indr(o(D)) is the topological index of 
o(D). Now the questions for these finitely combinatorial manifolds are given in the 


following. 


(1) Is the de Rham theorem and Atiyah-Singer index theorem still true for 
finitely combinatorial manifolds? If not, what is its modified forms? 
(2) Check other global results for manifolds whether true or get their new mod- 


ified forms for finitely combinatorial manifolds. 
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